Abstract. We study irreducible holomorphic symplectic manifolds deformation equivalent to Hilbert schemes of points on a K3 surface and admitting a non-symplectic involution. We classify the possible discriminant forms of the invariant and anti-invariant lattice for the action of the involution on cohomology, and explicitly describe the lattices in the cases where the invariant has small rank. We also give a modular description of all d-dimensional families of manifolds of K3 [n] -type with a non-symplectic involution for d ≥ 19 and n ≤ 5, and provide examples arising as moduli spaces of twisted sheaves on a K3 surface.
Introduction
The aim of this note is to explain the classification of non-symplectic involutions on IHS manifolds of K3
[n] -type, thus generalizing to all even dimensions the classification which is already known for n = 1 by foundational work of Nikulin [31] on K3 surfaces and for n = 2 by the work of Beauville [6] and of Boissière, the first author and Sarti [7] . The core of the classification result contained in this work comes from Joumaah's PhD thesis [24] , but he kindly decided to let us publish by ourselves. On the other hand, the proof of one of the main results in loc. cit. is not entirely correct, so in this paper we prove a revised statement (Proposition 1.6), in order to obtain the correct classification of non-symplectic involutions on manifolds of K3
[n] -type. In the first two authors' work [12] the interested reader can find the analogue classification for non-symplectic automorphisms of odd prime order: although the lattice-theoretical techniques used are similar, and descend from work by Nikulin [30] , the prime p = 2 is somewhat different with respect to other primes because for n ≥ 2 it always divides 2(n − 1), which is the discriminant of the BeauvilleBogomolov-Fujiki lattice L n := U ⊕3 ⊕E ⊕2 8 ⊕ −2(n−1) , i.e. the second cohomology lattice of any manifold of K3
[n] -type. Concerning involutions, in [14] the second author computed the automorphism group of the Hilbert scheme of n points over a generic projective K3 surface, showing that this group (if not trivial) is generated by exactly one non-natural and nonsymplectic involution (for n = 2, this had already been proved by Boissière, the third author, Nieper-Wisskirchen and Sarti [9] ). The present paper also provides a partial extension of these results, allowing the pair consisting of a Hilbert scheme and its involution to be deformed.
IHS manifolds and automorphisms. We recall that an irreducible holomorphic symplectic (IHS) manifold is a compact complex Kähler manifold X which is simply connected and such that H 2,0 (X) is generated by the class of a single holomorphic symplectic (i.e. everywhere non-degenerate) 2-form. Basic examples of IHS manifolds are provided by K3 surfaces and, in dimension 2n, by the Hilbert scheme of zero-dimensional subschemes of length n of a K3 surface. As small deformations of IHS manifolds are still IHS, we can then produce new examples: we say that an IHS manifold is of K3
[n] -type if it is deformation equivalent to the Hilbert scheme of n points on a K3 surface.
The deformation theory of IHS manifolds is sufficiently well understood. For any manifold X of K3
[n] -type, a marking is a lattice isometry η : H 2 (X, Z) −→ L n , where we recall that H 2 (X, Z) is a lattice by means of the Beauville-BogomolovFujiki form (see [5, §8] ). Then, there exists a well-defined compact complex moduli space which parametrizes marked IHS manifolds of K3
[n] -type. A fundamental result, due to work by Huybrechts, Markman and Verbitsky, is the Global Torelli Theorem [36, Corollary 1.20] , which describes the fibers of the period map associated to this moduli space.
The use of markings allows us to transfer most of the questions about automorphisms to a purely algebraic setting, involving lattices and their properties. However, we need to determine which of the isometries of the abstract lattice L n correspond, via the marking, to automorphisms of the IHS manifold. To this end, we will make use of Markman's version of the Torelli Theorem [27, Theorem 1.3].
Structure of the paper and main results. Our study of involutions on manifolds of K3
[n] -type will be conducted in two steps. In Section 1 we study the problem only from a lattice-theoretical point of view: our aim is to classify the possible discriminant groups of pairs T, S ⊂ L n consisting of the invariant lattice T and the anti-invariant (or co-invariant) lattice S of a non-symplectic involution. We provide this classification in Proposition 1.6, fixing the inaccuracies of [24] . An important ingredient of our proof is the fact that one between the invariant and anti-invariant lattice is 2-elementary (Proposition 1.1).
In Section 2, by using the Global Torelli Theorem we prove that the conditions determined in Section 1 on the abstract lattices T, S are also sufficient to obtain a marked manifold of K3
[n] -type with a non-symplectic involution, having T and S as invariant and co-invariant lattice respectively.
In Section 3 we focus on the cases where the invariant lattice has small rank, i.e. rk (T ) = 1 or 2. For 2 ≤ n ≤ 5 we explicitly classify the isometry classes of the pairs of lattices T, S (Propositions 3.1, 3.3 and 3.4). Non-symplectic involutions of manifolds of K3
[n] -type having invariant lattice of small rank are particularly interesting, since they deform in families of large dimensions. For each possible action on cohomology ρ ∈ O(L n ) in our classification, we study the corresponding moduli space M T,ρ of (ρ, T )-polarized manifolds of K3
[n] -type with a non-symplectic involution.
Theorem (Theorem 3.11). Let (X, η) be a marked manifold of K3
[n] -type for 2 ≤ n ≤ 5, and let i ∈ Aut(X) be a non-symplectic involution such that the pair (X, i) deforms in a family of dimension d ≥ 19. Then (X, η) belongs to the closure of one of the following moduli spaces:
where ρ, ρ a , ρ 1 , ρ 2 are defined in Remark 3. 10 .
All these moduli spaces are irreducible with the exception of M U(2),ρ2 for n = 5, which has three distinct irreducible components.
Finally, in Section 4 we use moduli spaces of twisted sheaves on K3 surfaces to describe the generic element in the maximal moduli spaces M T,ρ of dimension 19 (Propositions 4.1 and 4.3), though only in one case the involution is induced by a non-symplectic involution of the underlying K3 surface. Finding an explicit description of the automorphism in the other families is still an open problem.
Notations and conventions. Throughout the paper, all the varieties will be defined over the field C of complex numbers.
A lattice is a free abelian group M equipped with a symmetric non-degenerate bilinear form (·, ·) :
(induced by the quadratic form on M ) takes value α on a generator of A M . For any positive integer n ≥ 2, we will denote by L n the lattice
, where U is the hyperbolic plane, E 8 is the unique unimodular lattice of signature (0, 8) and for any integer t = 0 we denote by t the lattice generated by an element δ with (δ, δ) = t.
For a pair of lattices M , N there may be several non-isometric embeddings of M into N . When we say that M is embedded in N , writing M ⊂ N , we always mean that an embedding j : M ֒→ N has been fixed. We will consider two such embeddings j, j ′ as being isomorphic if there exist isometries ψ ∈ O(M ) and
1. Involutions of the lattice L n 1.1. Invariant and anti-invariant lattices. Let (X, i) be a pair consisting of an IHS manifold X of K3
[n] -type and a non-symplectic involution i ∈ Aut(X). The lattice
, as we already recalled, and i * ∈ Mon 2 (X), which is the subgroup of monodromy operators inside O(H 2 (X, Z)). We now fix n ≥ 2 and we write L := L n for the sake of simplicity. By [27, Cor. 9.5(1)] we have a primitive embedding L ֒→ M where
is the Mukai lattice, unimodular of rank 24. Observe that, if we call δ a generator of −2(n − 1) in L, then A L is cyclic generated by
.
Since L ⊥ ⊂ M has rank one, we deduce that L ⊥ ∼ = 2(n − 1) . After choosing a marking (i.e. an isometry) η :
. By [27, Lemma 9.2], i * satisfies the following properties: it has spin norm equal to 1 (equivalently, it is orientation preserving) and it induces ± id on the discriminant group A L . This means that ±i * ∈ O(L), where for any lattice Λ the stable orthogonal group O(Λ) is the subgroup of O(Λ) consisting of isometries that induce the identity on the discriminant group A Λ . Let σ = ±i * be such that σ ∈ O(L).
The invariant lattice of the involution i ∈ Aut(X) is the sublattice H 2 (X, Z)
of elements that are fixed by i * . Its orthogonal complement in H 2 (X, Z) is called the anti-invariant (or co-invariant) lattice. Notice that the anti-invariant lattice coincides with ker(id +i * ) (see [10, §5] ) and therefore it is equal to H 2 (X, Z) −i * , the invariant lattice of −i * . We now show that one between the invariant and the anti-invariant lattice of i * is 2-elementary.
[n] -type and let i ∈ Aut(X) be a non-symplectic involution. Then one of the following holds:
(1) i * acts as id on the discriminant group of H 2 (X, Z) and
Proof. Consider σ ∈ O(L) as above: in both cases we want to show that the invariant lattice of −σ is 2-elementary. By [19, Lemma 7 .1], we can extend σ to an isometry τ ∈ O(M ) such that τ | L ⊥ = id L ⊥ and with the following properties:
τ is a finite index sublattice and moreover, inside the lattice M :
Hence L −σ = M −τ . The invariant and anti-invariant lattices of an involution of an even unimodular lattice are 2-elementary by [17, Lemma 3.5 ]: this concludes the proof.
With the same notation used above, we remark the following facts.
since they have the same rank, they must coincide.
In the same spirit of [7, Def. 4 .1], we give the following definition. Definition 1.3. An automorphism f of a manifold X of K3
[n] -type is natural if there exists a K3 surface Σ and ϕ ∈ Aut(Σ) such that (X, f ) is deformation equivalent to (
Proof. As shown in [7, §4] , the isomorphism class of the invariant lattice of a nonsymplectic involution is deformation invariant. For the pair (Σ [n] , ϕ [n] ), the action of the natural involution on the exceptional divisor of the Hilbert-Chow morphism
, Z) be the class whose double is the exceptional divisor. From i * (2δ) = 2δ we get that the image of
1.2. Discriminant groups. We explain in this section the inaccuracies in the proof of [24, Prop. 5.1.1] and provide the necessary corrections. Adopting our notation, which differs from the one used by Joumaah, let X be a manifold of K3
[n] -type with a non-
be, respectively, the invariant and anti-invariant lattices of the involution. The aim of [24, Prop. 5.1.1] is to classify the discriminant groups A T , A S . In order to do so, Joumaah considers the isotropic subgroup
a for some a ≥ 0, and its projections
The following proposition provides the complete classification for the discriminant groups A T , A S . We refer to [12, Prop. 3.2] for the analogous classification in the case of automorphisms of odd prime order. Proposition 1.6. Let X be a manifold of K3
[n] -type, for n ≥ 2, and let l ≥ 1 and m odd such that 2(n − 1) = 2 l m. Let G ⊂ Aut(X) be a group of order 2 acting non-symplectically on X. Denote by T, S ⊂ L := L n , respectively, the invariant and anti-invariant sublattices for the action of G, with
Then one of the following cases holds:
Proof. Let i be the non-symplectic involution generating the group G and, as before, let σ = ±i * be the isometry such that σ ∈ O(L). Let T, S be the invariant and anti-invariant lattices of i * , as in the statement. If
As we showed in Proposition 1.1, the lattice L −σ is 2-elementary, therefore A L −σ coincides with its Sylow 2-subgroup (it actually coincides with its 2-torsion part).
. Using the notation introduced at the beginning of the section, there exist subgroups
a . The case l = 1 was correctly discussed by Joumaah in his proof:
As a consequence, we obtain two possible structures (not just one, as stated in [24, Prop. 5.1.1]; see below for details) for the summands ( 
. However, contrary to what he stated, this does not necessarily
as the only possibility for the discriminant groups. Indeed, we exhibit two lattices T, S which are the invariant and anti-invariant lattices of a non-symplectic involution of a manifold of K3
[3] -type and whose discriminant groups are in contrast with [24, Prop. 5.1.1].
For n = 3 we have 2(n − 1) = 4, meaning l = 2, m = 1. The authors of [21] describe a 20-dimensional family of manifolds of K3
[3] -type, called double EPW cubes, with polarization of degree four and divisibility two (see [21, Prop. 5 .3]), whose members are always endowed with a non-symplectic involution i. As a consequence, the invariant lattice of i is T ∼ = 4 and the anti-invariant lattice is
. In particular, their discriminant groups are:
therefore a = 1. Looking at the discriminant quadratic forms on A T and A S , the only possible choice for the subgroups of order two H T ⊂ A T and H S ⊂ A S , with H T ∼ = H S (−1), is the following:
. This is therefore a case where l = 2 > 1 and [G :
and it is not true that
Remark 1.8. In the case of manifolds of K3 [2] -type, it was proved in [7, Lemma 8.1] (extending results from [10, §6] ) that the discriminant groups can only be
⊕a+1 or vice versa. This is coherent with the classification of Proposition 1.6 (if n = 2 we have 2(n − 1) = 2, hence l = m = 1).
Existence of automorphisms
In this section we show that the lattice-theoretic conditions of Proposition 1.1 are actually sufficient to give rise to a geometric realization. First, we prove that every 2-elementary sublattice of L = L n is the invariant (or anti-invariant) lattice of some involution of L, and finally that we can generically lift this abstract involution to an involution of a manifold of K3
[n] -type.
Proof. By [30, Thm. 1.1.2], we can primitively embed Λ into an even unimodular lattice V of high enough rank. We fix such a primitive embedding and consider the orthogonal complements Λ ⊥V and S ⊥V of Λ and S inside V . Obviously, V is an overlattice of S ⊕ S ⊥V . We want to show that α := id S ⊥ V ⊕(− id S ) extends to M . A completely analogous proof will show that also (− id S ⊥ V ) ⊕ id S extends, as in the statement. Let H V = V /(S ⊕ S ⊥V ) be the isotropy subgroup of A S ⊕ A S ⊥ V corresponding to the overlattice V and let p S , p S ⊥ V be the two projections to A S and A S ⊥ V :
Since V is unimodular, we have
, the existence of an extension of α to V is equivalent to the commutativity of the diagram
where, for any lattice N and µ ∈ O(N ), we denote by µ the isometry of finite quadratic forms induced by µ on the discriminant group A N . The diagram is commutative because −γ = γ, since S is 2-elementary, hence we get the extension α ∈ O(V ) of α to V .
As We come now to the second part of the section. First, we recall some results on lattice-polarized manifolds of K3
[n] -type. Let T be a hyperbolic lattice which admits a primitive embedding j : T ֒→ L, with rk (T ) ≤ 20. We identify T with the sublattice j(T ) ⊂ L and we denote by S its orthogonal complement in L. Following [24, §4.1], we say that T is admissible if it is the invariant lattice of a monodromy operator ρ ∈ Mon 2 (L) of order two. In particular, T and S are as in Proposition 1.6, therefore one of them is 2-elementary. This implies, by Proposition 2.1, that ρ is the unique extension of id T ⊕(− id S ) to L.
Let X be a manifold of K3
[n] -type and i ∈ Aut(X) be a non-symplectic involution acting on it. Joumaah says that the pair (X, i) is of type T if it admits a (ρ, T )-polarization, i.e. a marking η :
are two pairs of type T , they are said to be isomorphic if there exists an isomorphism f :
induced by these isomorphisms of pairs are the isometries contained in
In particular, for any g ∈ Mon 2 (L, T ) we have that g| T ∈ O(T ) and g| S ∈ O(S). We can then define the following subgroups:
Notice that local deformations of a pair (X, i) of type T are parametrized by
i * (more details on this are provided in [6, Theorem 2] and [7, §4] ).
Inside the moduli space M L of marked IHS manifolds of K3
[n] -type, let M T,ρ be the subspace of (ρ, T )-polarized marked manifolds (X, η) ∈ M L . Since the symplectic form ω X generating H 2,0 (X) is orthogonal to the Néron-Severi group (which contains T ), for any (X, η) ∈ M T,ρ the period point η(H 2,0 (X)) belongs to
Moreover, by [24, Proposition 4.6.7] , the period map restricts to a holomorphic surjective morphism
where ∆(S) is the set of wall divisors (i.e. primitive integral monodromy birationally minimal classes) contained in S. This restriction is equivariant with respect to the action of Mon 2 (L, T ), hence we also obtain a surjection
Proof. Let S ⊂ L be the anti-invariant lattice of ρ, i.e. the orthogonal complement of T . By [7, Prop. 5 .3] the very general point ω ∈ Ω S is the image under the period map of a T -polarized marked manifold of K3
[n] -type (X, η) with NS(X) = η −1 (T ). We can then consider α :
, which is an involution, and we observe that:
(1) α induces a Hodge isometry on H 2 (X, C) since the period point η(H 2,0 (X)) is invariant for the action of ρ on Ω S ; (2) α is effective, because the equality NS(X) = η −1 (T ) = η −1 (L ρ ) implies that there is an α-fixed Kähler (even ample) class on X; (3) ±ρ ∈ O(L). Hence, α is a monodromy operator by [27, Lemma 9.2] and, by [27, Thm. 1.3], there exists i ∈ Aut(X) such that i * = α. Since the map Aut(X) −→ O(H 2 (X, Z)), sending an automorphism to its action on H 2 (X, Z), is injective for manifolds of K3
[n] -type (see [4, Prop. 10] and [28, Lemma 1.2]), the automorphism i is both unique and an involution. It is then straightforward to check that η • ι * = ρ • η.
Geography for IHS manifolds of small dimension
The aim of this section is to make some remarks on which families of large dimension one can expect from the results of the previous section. We first classify the admissible invariant lattices of rank one and two, and then we describe the geography of these cases for manifolds of K3
[n] -type when n ≤ 5.
3.1. Invariant sublattices of rank one and two. Let T, S be the invariant and co-invariant lattices of a non-symplectic involution of a manifold of K3
[n] -type. As we saw in Proposition 1.1, either S or T is 2-elementary, depending on the action of the involution on the discriminant group of L (which is id or − id respectively). Assume that S is 2-elementary and consider it embedded in the Mukai lattice M (the case where T is 2-elementary is similar 3.1.1. Invariant sublattice of rank one. In this subsection we prove the following proposition, which describes the pairs T and S that can occur when rk (T ) = 1.
Proposition 3.1. Let X be a manifold of K3
[n] -type for some n ≥ 2, and let i ∈ Aut(X) be a non-symplectic involution. If the invariant lattice T ⊂ H 2 (X, Z) has rank one, then one of the following holds:
(1) if i * acts as id on A H 2 (X,Z) , then −1 is a quadratic residue modulo n − 1 and
Proof. This result generalizes [14, Prop. 5.1], which holds for non-natural involutions of Hilbert schemes of points on a generic projective K3 surface. We deal first with the case where T, S are the invariant and anti-invariant lattices of an involution whose action on the discriminant A L is the identity. This means that S is 2-elementary and that T ⊕ L ⊥ ⊂ S ⊥M . Since both T and L ⊥ have signature (1, 0), we deduce that S ⊥M has signature (2, 0). By [15, 
We then need to look at how L ⊥ ∼ = 2(n − 1) embeds primitively in S ⊥M . A pair (x, y) gives the coordinates of a primitive vector in S ⊥M = 2 ⊕ 2 of square 2(n − 1) if and only if gcd(x, y) = 1 and x 2 + y 2 = n − 1. Moreover, the isometry group of S ⊥M acts on these coordinates either by permutation or by exchanging sign. The orthogonal complement of L ⊥ in S ⊥M , which is T , is then a lattice isometric to 2(n − 1) , generated by (−y, x). Notice that there exist two coprime integers x, y such that We now consider the case where the action of i * on A L is − id. We have that T is 2-elementary of signature (1, 0), hence T ∼ = 2 . It follows that T embeds in a unique way in the Mukai lattice, with orthogonal complement 
and signature (2, 20) . By [7, Thm. 2.4], there exists only one lattice with these invariants, up to isometries, which is
The last possibility corresponds to the choice of the whole A T ⊥ M , but in this case we must have n ≡ 0 (mod 4). This leads us to
, where S has again signature (2, 20) . By the same argument as above, there exists only one isometry class of lattices in this genus. A representative, which can be computed by applying [18, Prop. 3.6], is
Remark 3.2. The three cases of Proposition 3.1 can be distinguished also by looking at the generator t ∈ H 2 (X, Z) of the invariant lattice T . In fact, by [18, Prop. 3.6], we have that:
• in case (1), t has square 2(n − 1) and divisibility n − 1;
• in case (2a), t has square 2 and divisibility 1;
• in case (2b), t has square 2 and divisibility 2. We point out that, by the Global Torelli Theorem for IHS manifolds, the existence of a primitive ample t ∈ NS(X) with one of these three combinations of square and divisibility is sufficient to prove the existence of a non-symplectic involution on X, whose invariant lattice is T = t (see [14, Prop. 5 .3]).
Invariant sublattice of rank two.
The aim of this subsection is to provide some results for rk (T ) = 2. In particular, we describe the discriminant groups of the invariant and co-invariant lattices in complete generality, but we address the problem of their realization and uniqueness only for n ≤ 5.
Assume that rk (T ) = 2, so that the signature of T is (1, 1). We first consider the case where the induced action on A L is the identity, hence S is a 2-elementary lattice of signature (2, 19) 
• Case S ⊥M = U ⊕ 2 . We look for a primitive embedding of L ⊥ = 2(n − 
A possible realization for this lattice T is given by T = −2(n− 1) ⊕ 2 ; if n ≤ 5, this is the only isometry class in the genus by [15, Ch. 15, Thm. 21] . The other possibility is to consider the subgroup of A L ⊥ generated by the class of n − 1: in order for it to have the same discriminant form of A S ⊥ M we need n ≡ 2 (mod 4), and in this case we have
A lattice T with this discriminant form and signature (1, 1) is the following:
where we write n − 1 = k 2 + 4h, with k, h non-negative integers and k maximal. This is the only isometry class in the genus of T if n ≤ 17, by [15, Ch. 15, Thm. 21] . For n = 2, this lattice is isometric to U .
Here we have more possibilities, because there are more subgroups inside the discriminant group of S ⊥M , which is
It is easy to see that we can discard the choice corresponding to the trivial subgroup, as it gives rise to a lattice T of length 4, hence the only relevant subgroups of A S ⊥ M are those of order two. Up to isomorphism, we have the two following possibilities.
(1) The subgroup is (0, 0, 1) ⊂ A S ⊥ M with q((0, 0, 1)) = 1/2. This case can occur only if n ≡ 2 (mod 4), and gives
For n = 2, the lattice U (2) realizes this genus; for n = 6, we can consider the lattice whose bilinear form is given by the matrix 2 4 4 −2 .
(2) The subgroup is v ∼ = Z/2Z ⊂ A S ⊥ M , for an element v = (0, 0, 1) such that q(v) = (n − 1)/2. This case gives
A possible realization for this lattice is given by T = −2(n − 1) ⊕ 2 ; if n ≤ 5, this is the only isometry class in the genus by [15, Ch. 15, Thm. 21 ]. For n ≤ 5, we summarize these results as follows.
Proposition 3.3. Let X be a manifold of K3
[n] -type for 2 ≤ n ≤ 5, and let i ∈ Aut(X) be a non-symplectic involution. If the invariant lattice T ⊂ H 2 (X, Z) has rank two and i * acts as id on A H 2 (X,Z) , then one of the following holds:
We assume now that the action of the involution on the discriminant is − id. In this case, T is 2-elementary of signature (1, 1), so T ⊥M is also 2-elementary and its signature is (3, 19) . This implies that S (which is a sublattice of T ⊥M ) has signature (2, 19) . By [16, Thm. 1.5.2] there exist three 2-elementary lattices of signature (1, 1), namely U , U (2) and 2 ⊕ −2 . Every such lattice, by [30, Thm. 1.1.2], embeds in the Mukai lattice in a unique way, hence the orthogonal complement is uniquely determined too. We analyse the three cases separately: in each of them, there is only one isometry class in the genus of S by [7, Thm. 2.4 ].
• Case T = U . We have
8 , which is unimodular. As a consequence, L ⊥ ∼ = 2(n − 1) embeds in an essentially unique way in T ⊥M and its orthogonal complement S is
has discriminant
As before, we look at the cyclic subgroups of A T ⊥ M : a direct computation gives rise to two different cases. We conclude
, we can choose a subgroup of order two and we have
, which corresponds to
The same kind of computations yield three cases:
(1) The discriminant group is
which corresponds to
(2) If n ≡ 0, 2 (mod 4) we can have
, which is realized by
For n = 5, a representative of the unique isometry class in this genus is
The next proposition summarizes all possible pairs of lattices T, S corresponding to involutions whose action on the discriminant group A L is − id, for n ≤ 5.
Proposition 3.4. Let X be a manifold of K3
[n] -type for 2 ≤ n ≤ 5, and let i ∈ Aut(X) be a non-symplectic involution. If the invariant lattice T ⊂ H 2 (X, Z) has rank two and i * acts as − id on A H 2 (X,Z) , then one of the following holds:
Remark 3.5. For n = 2, the isometries id and − id of A L ∼ = Z/2Z coincide, hence Proposition 3.3 and Proposition 3.4 give the same classification (to check this, recall that U (2) ⊕ −2 ∼ = 2 ⊕ −2 ⊕ −2 by [16, Thm. 1.5.2]).
3.2. Deformation types for families of large dimension. The lattice computations of Section 3.1.1 and Section 3.1.2 allow us to determine all moduli spaces M T,ρ , for T an admissible invariant sublattice of rank one or two inside L (recall the definitions from Section 2). By construction, the moduli spaces M T,ρ arise as subspaces of the complex space M L , which parametrizes marked IHS manifolds of K3
[n] -type. The following fact was remarked in [1, Theorem 9.5] for K3 surfaces, and it can be easily generalized to manifolds of K3
Lemma 3.6. Let T ′ , T ′′ ⊂ L be the invariant lattices of two monodromy operators
, respectively, and let
Remark 3.7. In our setting we can slightly improve the result of Lemma 3.6. In fact, as observed in Section 2, the orthogonal sublattices T, S ⊂ L determine the
In the case of involutions we can then say that M T ′ ,ρ ′ is in the closure of M T ′′ ,ρ ′′ if and only if S ′ ⊂ S ′′ ⊂ L, as embedded sublattices.
In this sense, the moduli spaces M T,ρ of maximal dimension (where maximality is with respect to this notion) correspond to minimal (with respect to inclusion) admissible sublattices T ⊂ L. This is the reason why, in the previous section, we investigated in detail admissible invariant lattices of low rank. Any of these admissible lattices T will give rise to at least one (but there could be more a priori, depending on the number of connected components of the moduli space) projective family of dimension 21 − rk (T ), whose generic member has a non-symplectic involution with invariant lattice T . We are now interested in computing the number of irreducible components for some of these moduli spaces.
We adopt the notation of [24, Chapter 4] . Let T ⊂ L be an admissible sublattice, i.e. the (hyperbolic) invariant lattice of an involution ρ ∈ Mon 2 (L), and let C T be one of the two connected components of the cone {x ∈ T ⊗ R | (x, x) > 0}. The Kähler-type chambers of T are the connected components of
where ∆(T ) is the set of wall divisors in T . As before, let Γ T be the image of the restriction map Mon 2 (L, T ) → O(T ): the subgroup Γ T ⊂ O(T ) has finite index and it conjugates invariant wall-divisors, therefore it also acts on the set KT(T ) of Kähler-type chambers of T (see [24, §4.7] ). In [24, Theorem 4.8.11], Joumaah proved that the quotient KT(T )/Γ T is in one-to-one correspondence with the set of distinct deformation types of marked manifolds (X, η) ∈ M T,ρ .
be the involution which extends id T ⊕(− id S ). Then, for any n ≥ 2 there is a single deformation type of marked manifolds of K3
[n] -type (X, η) ∈ M T,ρ1 .
Proof. As we recalled above, the number of deformation types of (ρ 1 , T )-polarized marked manifolds of K3
[n] -type is equal to the number of orbits of Kähler-type chambers of T , with respect to the action of the subgroup Γ T ⊂ O(T ). For T ∼ = U (2) as in the statement, an element δ ∈ T of coordinates (a, b) with respect to a basis has square 4ab and divisibility in L equal to gcd(a, b). In particular, the divisibility can only be one, if δ is primitive. However, a direct computation using [2, Thm. 12.1] shows that, if δ is a wall-divisor with div(δ) = 1, then δ 2 = −2 (see [29, Rmk. 2.5]). We conclude that there are no wall-divisors δ ∈ T , since T ∼ = U (2) contains no elements of square −2.
As we showed in Subsection 3.1.2, when n is odd there is a second way to embed the lattice U (2) in L, which is not isometric to the one studied in Proposition 3.8.
be the involution which extends id T ⊕(− id S ). Then, if n = 5 there are three distinct deformation types of marked manifolds (X, η) ∈ M T,ρ2 .
Proof. As in the proof of Proposition 3.8, we need to study the Kähler-type chambers of T and therefore determine whether the lattice contains any wall-divisors. Up to isometries, the embedding U (2) ֒→ L in the statement can be realized as follows. Let t = n−1 2 ∈ N and consider the map
, (a, b) → 2ae 1 + (at + b)e 2 + ag where {e 1 , e 2 } is a basis for one of the summands U of L and g is a generator of −2(n − 1) . We then have j(U (2))
, as requested. In particular, if n = 5 (i.e. t = 2) one can show that the divisibility in L of (a, b) ∈ T = j(U (2)) is gcd (2a, b) , hence, if the element is primitive, it can only be one or two. We compute explicitly all possible pairs ( 
Since for any δ ∈ T we have δ 2 ∈ 4Z, the only pairs (δ 2 , div(δ)) for walldivisors δ ∈ T are (δ 2 , div(δ)) = (−8, 2), (−16, 2). Each of the two admissible pairs (δ 2 , div(δ)) yields a single wall-divisor δ ∈ T , whose orthogonal complement δ ⊥ intersects the positive cone of T in its interior. We therefore have two (distinct) walls, which cut out three Kähler-type chambers in C T . These three chambers correspond to three distinct orbits, with respect to the action of the group Γ T on KT(T ). This is due to the fact that an isometry γ ∈ Γ T permutes the walls of the chambers, which in our case are generated by primitive vectors having all different squares.
Remark 3.10. By Proposition 3.1, there are two distinct (ρ, T )-polarizations with T ∼ = 2 . In the following, we will denote them by (ρ a , 2 ) and (ρ b , 2 ), where the orthogonal complement S of the admissible sublattice T ⊂ L is as in case (2a) and (2b), respectively, of the proposition. In particular, for all n ≥ 2 the moduli space M 2 ,ρa is non-empty, while M 2 ,ρ b = ∅ if n ≡ 0 (mod 4). In turn, again by Proposition 3.1, for n ≥ 3 there is only one (ρ, T )-polarization with T ∼ = 2(n − 1) : we denote by M 2(n−1) ,ρ the corresponding moduli space, which is non-empty if and only if −1 is a quadratic residue modulo n − 1. Finally, for T ∼ = U (2), we have the two polarizations (ρ 1 , U (2)), (ρ 2 , U (2)) which we studied in Proposition 3.8 and Proposition 3.9, respectively. Theorem 3.11. Let (X, η) be a marked manifold of K3
[n] -type for 2 ≤ n ≤ 5, and let i ∈ Aut(X) be a non-symplectic involution such that the pair (X, i) deforms in a family of dimension d ≥ 19. Then (X, η) belongs to the closure of one of the following moduli spaces.
Proof. Since (X, i) deforms in a family of dimension at least 19, it is a pair of type T for some admissible lattice T with rk (T ) ≤ 2. At the level of period domains, the list in the statement is an easy consequence of Lemma 3.6 and of Propositions 3.1, 3.3 and 3.4. Moreover, the period map is generically injective when restricted to manifolds polarized with a lattice of rank one, and the same is true in the case of U (2) by Proposition 3.8 and by [24, Corollary 4.9 .6], with the exception of n = 5 and M U(2),ρ2 as explained in Proposition 3.9.
Examples
Even when we limit ourselves to n ≤ 5, we observe that we lack the description of most of the projective families listed in Theorem 3.11. Indeed, while for n = 2 both families have been described, respectively in [33] - [8] and [22] , for n ≥ 3 the family of ( 2 , ρ a )-polarized manifolds of K3
[n] -type is still unknown. In fact, when n ≥ 3 the only two explicit examples which have been found are for n = 3, T ∼ = 4 (see [21] and Section 1.2) and n = 4, T ∼ = 2 with polarization ρ b (involution of the Lehn-Lehn-Sorger-van Straten eightfold; see for instance [25] ), in addition to the involutions of Hilbert schemes of points on generic projective K3 surfaces whose existence has been proved by the second author in [14] .
We conclude by observing that all families of dimension 19 can in fact be realized as families of moduli spaces of stable twisted sheaves on a K3 surface. We briefly recall the construction and the properties of these moduli spaces.
Let Σ be a K3 surface. By [35, §2] , a Brauer class α ∈ H 2 (Σ, O * Σ ) tor of order 2 corresponds to a surjective homomorphism α : Tr(Σ) → Z/2Z, where Tr(Σ) = NS(Σ) ⊥ ⊂ H 2 (Σ, Z) is the transcendental lattice of the surface. A B-field lift of α is a class B ∈ H 2 (Σ, Q) (which can be determined via the exponential sequence) such that 2B ∈ H 2 (Σ, Z) and α(v) = (2B, v) for all v ∈ Tr(Σ) (see [20, §3] ). Notice that B is defined only up to an element in By the same proposition we know that the moduli space M U(2),ρ1 is irreducible. For (X, η) ∈ M U(2),ρ1 very general we also have Pic(X) ∼ = T and Tr(X) ∼ = S (via the marking η). Hence, the statement follows from the generic injectivity of the period map for U (2)-polarized manifolds of K3
[n] -type (see [24, Corollary 4.9 .6]).
Remark 4.2. For (X, η) ∈ M U(2),ρ1 , let i ∈ Aut(X) be the non-symplectic involution such that η • i * = ρ 1 • η. Even though, for (X, η) very general, the manifold X is isomorphic to Y = M vB (Σ, α) as in the previous proposition, if n ≥ 3 we cannot realize the automorphism i as a twisted induced involution on Y (in the sense of [13] ), since the group of automorphisms of the K3 surface Σ is trivial (see [34, §5] ). Proof. Let Σ be the double cover of P 2 branched along a smooth sextic curve. We have Pic(Σ) ∼ = 2 and Tr(Σ) ∼ = U ⊕2 ⊕ E ⊕2 8 ⊕ −2 . If we denote by g the generator of the summand −2 inside Tr(Σ), then the (non-primitive) index two sublattice
